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Abstract. In this paper we obtain a complete description of im- 
ages and poles of degenerate Eisenstein series attached to maximal 
parabolic subgroups of Spi(A), where A is the ring of adeles of Q. 



1. Introduction 

The degenerate Eisenstein series attached to Siegel parabolic sub- 
groups of symplectic and metaplectic groups has been studied exten- 
sively for various applications such for example explicit construction 
of automorphic L-functions [3] , and application in the Siegel- Weil for- 
mula [TQl HH H21 H31 IH] • On the other hand, we have used a more general 
type of degenerate Eisenstein series to construct and prove unitarity 
of various significant classes of unitary representations of local (real or 
p-adic groups) and to construct various families of square-integrable 
automorphic forms [I7J [TSJ, [5] . In [5] we study degenerate Eisenstein 
series for GL n , their restriction to archimedean place and images (this 
improves in part results of [TDJ). 

The problem of getting complete information about poles of Eisen- 
stein series and their images for classical groups is mostly related to 
our insufficient understanding of various types of degenerate principal 
series representations and standard intertwining operators especially 
for real groups that appear in the constant term of Eisenstein series. 
For Siegel Eisenstein series this problem is solved in [12J. In the cur- 
rent literature, there are also some other works which deal with vari- 
ous types of " Siegel-like" degenerate principal series (see for example 
[7J HH [151 [16j H]) but more complicated ones appear in the theory of 
automorphic forms (see the last section in [IB] for simple examples or 
[5] for more sophisticated examples). 
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For the group Sp 4 (IR), there is a description (see [TH]) of all gener- 
alized and degenerate principal series in terms of the Langlands clas- 
sification as well as some information about the images and poles of 
the local intertwining operators. This is used in the present paper 
along with the local information on p-adic places [21 J to get the com- 
plete description of the images and poles of degenerate Eisenstein series 
for Siegel and Heisenberg parabolic subgroups of adelic Sp±. The de- 
scription of the residual spectrum and square-integrable non-cuspidal 
automorphic forms is well-known [Hj. 

Now, we will describe the paper by sections. In Section [2] we state 
notation regarding the group Sp 4 , we define degenerate Eisenstein se- 
ries, and recall basic procedure of computing their poles thorough the 
constant term and local normalized intertwining operators. In Section 
[3] we deal with the Eisenstein series attached to the Heisenberg para- 
bolic subgroup. The main results are Theorems [3T61 and [3TTI In Section 
H] we deal with the Eisenstein series attached to the Siegel parabolic 
subgroup. The main results are Theorems 14.31 and 14.41 As we explain 
above, this last part has an overlap with the results of [12] , but we have 
a different approach to the archimedean components [19] which gives 
us the answer in terms of the Langlands classification which is hard to 
see from [T2] . 

In the future papers we plan to extend this work beyond Sp 4 (see also 
the last Section of [18]). One of the obstacles that we need to overcome 
is better understanding certain degenerate principal series which are 
induced from non-Siegel parabolic subgroups of Sp2 n (M) (see also the 
last Section of [IS]). 

2. Preliminaries 

For n G Z>i, we define J n as a n x n matrix with l's on the opposite 
diagonal, and zeroes everywhere else. We realize the group Sp± as a 
matrix group in the following way: 

S Pi {¥) = Le GL 4 (F) : g* 

For us F G {Q, Q p , R, A}, where A is the ring of adeles of Q. 

The upper triangular matrices in Sp± form a Borel subgroup B, which 
we fix. The standard parabolic subgroups are those containing this 
Borel subgroup. The diagonal matrices in the Borel subgroup form a 
maximal torus, which we denote by T. Thus 

T(F) = {dia^MjVr 1 );*!,^ e F*}. 
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The unipotent matrices in B form the unipotent radical of B. Let W 
be the Weyl group of Sp^ with respect to T. We define the action of 
the Weyl group elements with respect to the elementary reflections: 

s(diag(t 1 ,t 2 ,t 2 1 ,t^[ 1 )) = diagfah,^ 1 ,^ 1 ) 

and 

c 2 {diag{t\,t 2 ,t 2 x jt^ 1 )) = diag(t 1 ,t 2 ~ l ,t 2 ,ti 1 ). 

All other elements of W are generated by s and c 2 . The set of roots 
of Sp4 with respect to T is denoted by E, and S + denotes the set of 
positive roots with respect to the above choice of Borel subgroup. Let 
A denote the set of simple roots in S + . Then A = {e\ — e 2 , 2e 2 } with 
obvious meaning of ej, i = 1,2. 

Let x denote a unitary Grossencharacter of Q X \A X — > C x . We 
study the degenerate Eisenstein series on Sp 4 acting on the holomorphic 
sections associated with the global representations of Sp 4 (A) (more pre- 
cisely, of it's Hecke algebra) induced from the characters of the max- 
imal standard parabolic subgroups of Sp 4 . Thus, we have the Heisen- 
berg and the Sigel case. We denote by P\ = M\XJ\ the Heisenberg 
parabolic subgroup of Sp 4 so that the standard Levi subgroup M\ is 
isomorphic to GL\ x SL 2 and in the Siegel case, we denote the Sigel 
parabolic subgroups P 2 = M 2 U 2 , where now M 2 = GL 2 . We describe 
the corresponding holomorphic sections f s in each of these cases more 
thoroughly in the second and the third section of this paper. In both 
cases, we form the degenerate Eisenstein series 

(i) E(f s )(g)= E 

jePi(Q)\Sp4Q) 

which converges absolutely and uniformly in (s, g) on compact sets 
when s > 2 in the Heisenberg case, and s > 3 in the Siegel case. This 
is proved by the restriction to Sp4(IR) and then applying Godement's 
theorem as in ([2], 11.1 Lemma). In particular, there are no poles for 
such s. 

It continues to a function which is meromorphic in s. Outside of 
poles, it is an automorphic form. As usual and more convenient for 
computations, we write E(s,f) instead of E(f s ); in this notation s 
signals that / G I(s). 

We say that so € C is a pole of the degenerate Eisenstein series 
E(s, •) if there exists / G I(s) such that E(s, f) has a pole at s = so 
(for some choice of g G ^^(A)). The order of pole at So is denoted by 
/; it is supremum of all orders E(s, f) at Sq when / ranges over I(s). 
It may happen that / = oo as it can be seen from our main theorems 
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but if < / < oo, then the map 

(2) IiuffifffrCOi) f ^ s - S0)lE(s ' f \ A(S P4 (Q)\S P4 (A)) 

for i = 1, 2 is an intertwining operator for the action of (sp(4), Koo) x 
rip<oo^ 4 (Qp) m ^ ne s P ace °f automorphic forms. Here 

(3) ?r(x)i = x| det Igli(a) ® 1 sl 2 (a) and tt(x) 2 = xl det |g°l 2 (a)- 

The poles of the Eisenstein series are the same as the poles of its 
constant term along the minimal parabolic subgroup: 

(4) E const (sJ)(g)= [ E(sJ)(ug)du. 

JU(Q)\U(A) 

Here U denotes the unipotent radical of the (upper triangular) Borel 
subgroup of Sp^. The integral in (@| can be computed by the standard 
unfolding. To explain this we introduce some more notation. We use v 
to denote | det | on GL n simultaneously. The rank of the general linear 
group involved will be obvious from the context. We let A s = xz/ s ®^ _1 
if we are in the Heisenberg case and A s = ^z/ s_1//2 £g> ^u s+1 / 2 if we are 
in the Siegel case. 

In this way, we obtain a character of T(Q) \ T(A) — > C x . We ex- 
tended trivially across U(A) and we induce up to the principal series 




We denote by U the lower unipotent triangular matrices in Sp 4 (these 
matrices form the unipotent radical of the opposite Borel subgroup in 
Sp4.) Let w G W. Then, the global intertwining operator 

M(A s ,w) : Ind^ (A) (A s ) -> Ind^ (A) (^(A s )), 

defined by 

M(A s ,w)f= [ _ f\w- l ug)du 

JU(A)nwU(A)w- 1 

does not depend on the choice of the representative for w in Sp 4 (Q). 

The global intertwining operator factors into product of local inter- 
twining operators 

M(A s ,w)f = ® p <ooA{^s,p,w)f p . 

There is a precise way of normalization of Haar measures used in the 
definition of intertwining operators |22j, [23]. Summary can be found in 
([17j. Section 2) or ([H], Section 2). The same is with the normalization 
factor which we explain next. The normalization factor for A(A SjP , w) 
is defined by 
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L(l,A SiP o a v )e(l,A SiP oa v ,^) 



where a v denotes the coroot corresponding to the root a, and ip v is 
an non-degenerate additive character of Q p . We define the normalized 
intertwining operator by the following formula: 

Af{A SjP , w) = r(A s>p , w)A(A s>p , w). 

Properties of normalized intertwining operators can be found in [22], 
[23] . Again, the summary can be found in ([H], Theorem 2-5). 

Let us write (3 for the simple root such that A — {/?} determines Pj. 
Now, the constant term has the following expression ([17], Lemma 2.1): 

E const (s,f)(g)= M(A s ,w)f(g) 

w&W, w(A\{/3})>0 

= ^2 _ f(w' 1 ug)du, 

wdW, w(A\{0})>O Ju(A)n W U(A)w-i 

where, by induction in stages, we identify 

(5) / e Ind^ } (*(*)«) C Ind^ (A) (A s ) 

where vr(x)j, i = 1,2 is defined in ([3]). This formula can be more 
refined up to its final form that we use. Let 5* be the finite set of all 
places including oo such that for p ^ S we have that Xp-> Vv> an d fp 
are unramified. Then we have the following expression: 
(6) 

E const (s, f)(g) = ^2 r^A^wy 1 (® peS Af(^s,p,w)f p )'S}(® p ^sfw,p) , 

w£W, u>(A\{/3})>0 

where we let 

7 r{A s ,w) = 11 — — — , 

- LJ - L 1, A s o a v e 1, A s o or) 

and we use a well-known property of normalization 
(8) A/"(A SiP »/p = f WiP , 

for unramified f p and f WtP . 

We note that, in the situation as above, taking the constant term 
is an isomorphism between different spaces of automorphic forms (well 
known fact, e.g. [6], Lemma 2-9.) 

We use standard notation [21] (see also [19]) for the representation 
theory of classical groups (in local or global settings). In more detail, 
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if X is a character of GL(1) and ir is a representation of SL 2 , then 
X x tt denotes the representation unitarily induced from P 1 to Sp 4 . If 
7r is a representation of GL(2), then tt x 1 denotes the representation 
unitarily induced from P 1 to Sp±. Also, if x an d f 1 are characters of 
GL{1), then x x fj, x 1 is the associated principal series of Sp 4 . Similar 
notation is used for GL{2) and SL 2 . We denote by L( ) the Langlands 
quotient whenever in parenthesis is an induced representation having 
a Langlands quotient. 

We use repeatedly the following simple fact (and similarly for GL{2))\ 

Lemma 2.1. Let p < oo. The complex number s = s e C is a 
pole of J\f(s, fi p ,w) (a normalized intertwining operator) if and only if 
Re(s ) < and lndp L ^^ p \\ \ s p °H p ) is reducible. 

Proof. Indeed, the assumption Re(so) < is clear since we known that 
Af(s, fi p ,w) is holomorphic and non-trivial for Re(s) > 0. Assume 

Re(s ) < 0. Then, if lnd S p ^^ p \\ \ s p °n P ) is irreducible, then the func- 
tional equation 

Af(s, ii p , w)Af(-s, n' 1 , w' 1 ) = A/"(-s, fj,' 1 , w" 1 )A/'(s, [i v , w) = id, 

combined with holomorphy and non-triviality of Af(—so, w~ l ) im- 
ply that J\f(s, fj, p ,w) is holomorphic at s = s . Conversely, still assum- 
ing Re(s ) < 0, if J\f(s, (J> p ,w) is holomorphic for s = s , then then the 
functional equation, combined with holomorphy and non-triviality of 
Ni-so,^ 1 ,™' 1 ), imply 



Then the argument with the Langlands quotient implies that Indp^^(| 
is irreducible. □ 



3. The Heisenberg parabolic 

The standard Levi subgroup of the Heisenberg parabolic subgroup 
P 1 is isomorphic to GL X x SL 2 , thus we study the global induced rep- 
resentation 

Ind GLl ( A )x5L 2 (A)(x^ s ® 1), 

where x denotes a Grossencharacter of Q and and 1 is a trival character 
of SL 2 (A) . This space consists of all C°° and right i^-fmite functions 
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/ : Spi(A) — > C which satisfy 
'a 





d ] (0 I 2 h]g] = x (a)u(aY6^ ( ( d | ] /(<?), 
,0 a' 1 



where a e GL X (A), d e SL 2 (A), J 2 Me C/i(A), # G Sp 4 (A). 




So, for the case of the Heisenberg maximal parabolic, a simple root 
/3 such that A \ {/?} determines Heisenberg parabolic is (3 = e\ — e 2 ; 
i.e., in the expression for the constant term ([6]) we have a summation 
over w G W; u>(2e 2 ) > 0. We easily check that these elements are 
{1, ci, s, sci}. We note that using s and c 2 (as the Weyl reflections with 
respect to the simple roots of Sp^ we can express c\ and sc\ as sc 2 s 
and c 2 s, respectively, so that c\ is of length three, and sc\ is of length 
two. Now we easily see that the expression for the (global) normalizing 
factors (obtained as the product of the local ones) for the intertwining 
operators attached to these Weyl group elements are 

(9) rCA.,*)- 1 - HS ~ hX) 



L(s + 2, x )e(s + 2, x )e(s, X )e(s + 1, X ) 

S) ~ L(s + 2, X )e(s + 2,xV 
L{s,x) 



(10) r(A s ,s)~ 

(11) r(A s ,sc 1 )~ 1 = - 

We want to address the holomorphicity of these expressions. We 
immediately see the following: 

Lemma 3.1. (1) Assume s > 0. Then, the denominators of all 
three of the above expressions are non-zero and holomorphic. 
Thus, the poles cannot come from the zeroes of the denomina- 
tors. As for the numerators, they are all holomorphic j/x ^ 1, 
and ifx = l we have the following: 

(a) r(A s , ci)^ 1 has a pole of the first order for s = 1 and s = 2, 

(b) r(A s , s) _1 has a pole of the first order for s = 0, 

(c) r(A s ,sci) _1 has a pole of the first order for s = and 
s = l. 

(2) Assume s < 0. We analyze the zeroes of the denominators. The 
denominators (for all three expressions) might have zeroes in 
the critical strip, i.e., < s + 2 < 1, i.e., —2<s< — 1. The 
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numerators do not have poles if x 7^ 1 an d do have poles for 
r(A s , s) _1 for s = — 1 and x — 1- 

Now we analyze local intertwining operators appearing in (JSJ). 

3.1. Local intertwining operators appearing in (ED- We recall 
that for every p, the trivial representation of S , L 2 (Q p ) is embedded in 
the principal series representation z/~ x x 1. 

Lemma 3.2. The local intertwining operator J\f(A SjP ,ci) acting on 
X p v s x l p (where l p is the trivial representation of SL 2 (Q P )) is holo- 
morphic for every p < oo and for every s G R, except for s = —2, 
where it has a pole of the first order (for every p < oo). 

Proof. According to the decomposition c\ = SC2S we have the following 
decomposition of the local intertwining operator J\f(A SjP , c\) : 

(12) Xv v& x v v 1 x 1 -> ^ x Xp^p x 1 -> 1 x Xp^ p s x 1 

-> Xp V " x ^p 1 x I- 

Then, the first (normalized) intertwining operator appearing in the 
above relation is induced from the GL2-case and is holomorphic unless 
Xp = 1 and s = —2. The second intertwining operator is induced from 
the intertwining operator Xp v p x 1 — > Xp lv p S x 1. This intertwining op- 
erator is holomorphic if s > 0, (from the Langlands' condition), and for 
s < 0, this operator is holomorphic unless the induced representation 
Xp v p x 1 is reducible, and this happens if x p — 1> Xp 1 an d s = and 
if Xp — 1 an d s = — 1. If we examine the first case more closely, we see 
that then the unnormalized intertwining operator is holomorphic since 
the Plancherel measure does not have a zero for s = in that case, and 
the normalizing factor is holomorphic, too, so that we actually have 
holomorphicity. On the other hand, if Xp = 1 an d s = — 1 the pole of 
the normalized intertwining operator occurs for the unique quotient of 
the representation u^ 1 x 1 and this is the Steinberg representation of 
SL/2 (Qp). The third intertwining operator is holomorphic unless Xp — 1 
and s — 0. 

Now we examine the case Xp — 1 an d s — 0. Note that in this case 

(13) A/"(A S , P , c!) : z/° x i/- 1 x 1 ^ zyO x i/" 1 x 1. 

It is known that this induced representation is of length four ([21j. 
Proposition 5.4 (ii))) and that x 1 is in irreducible tempered represen- 
tation of SL 2 (Q p ). Then, ^l Si2(Qp) = L^ 1 ; ^xl)©L(V/ 2 St GL3{Qp) ; 1) 
The (normalized) spherical vector belongs to (and generates) represen- 
tation L{y x \ Up x 1), and according to ([8]), A^(A SjP , £i) acts on it as the 
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identity. Analogously, for s = J\f(ci(A S)P ), c[) acts as the identity on 
the spherical vector. We know that J\f(cx(A StP ), Cx)M(A SiP , C\) = Id. 
Assume that Af(ci(A StP ), C\) has a pole of order n 2 for s = 0, and that 
A/"(A SjP , ci) has a pole of order n\ for s = on L(u 1 ^ 2 StGL 2 (Q p )) (which is 
a subrepresentation of x i>~ 1 x 1 and appears there with the multiplic- 
ity one). Let Aq = lim s ^. Q s ni J\f(A StP , c[) and N 2 = lim^o s n2 A/"(ci(A SiP ), ci). 
This means that Aq is a holomorphic isomorphism on L(v 1 ' 2 StGL 2 (®p))i 
and so is N 2 . But if m > or n 2 > the composition A^Aq 1^1/2 st GL2iQ 5 ) = 
0, which is thus impossible. This means that Af(A s #, c[) is holomorphic 
on z/p x lsL 2 (Q P ) an d the dual of the commuting algebra theorem (pQ) 
says that on L(v 1 / 2 StGL 2 (Q P )', 1) h acts as —Id. 

We know examine the case Xp = 1 an d s = — 1- I n this case, both 
intertwining operators corresponding to s (in the decomposition above 
corresponding to the decomposition <q = sc 2 S) are holomorphic isom- 
porphisms, and the second operator has a pole on the representation 
u^ 1 x StsL 2 (Q p ) (which is an irreducible quotient of x z/ -1 x 1) but it 
is holomorphic on v~ x x 1sl 2 (q p ) (irreducible by Proposition 5.4 (ii) of 
[21~]). The image Af(A SjP , ci)(v~ l x lsx 2 (Q p )) is thus irreducible subspace 

x 1sl 2 (q p ) = Liy 1 ^ 1 ; 1). 
We discuss the case Xp — 1 an d s = —2. In this case the last two opera- 
tors corresponding to s and c 2 are holomorphic isomorphisms, the pole 
occurs in the first operator, induced from the GL2-case v~ 2 x u^ 1 — > 
z/ _1 x v~ 2 . Note that the representation v~ 2 x z/ _1 x 1 is of length four 
( [21] Proposition 5.4 (i)) and we have (in the appropriate Grothendieck 
group) ^ 2 x1sl 2 (q„) = L(v 3/2 St GL2 (Q p ); 1)+L(u 2 ,u 1 ; 1), from the Lang- 
lands classification it follows that L(z/ 2 ,z/ 1 ; 1) is the unique subrepre- 
sentation of v~ 2 x 1sl 2 (q p )- On the other hand, the aforementioned 
pole is happening on the quotient v~ 3 ' 2 StGL 2 (Q p ) x 1- We know that 
A/"(A SjP , Ci) is holomorphic on L(i> 2 , i/ 1 ; 1) (this is the trivial character), 
and it has a pole on L(u 3 ^ 2 St G L 2 (Q p )] 1). □ 

Lemma 3.3. Assume that s G R. Intertwining operator A/"(A Sj00 , <q) 
acting on the representation x 1sl 2 (R) has poles precisely if s < — 1 
zs an even integer and Xoo — 1 an d if s < —1 is an odd integer and 
Xoo = sgn. 

Proof. As in (fT2"|) . we see that we might have a pole if Xoo is trivial or 
sgn. 

• The first operator in the decomposition has a pole if s < — 1 is 
an integer, even if Xoo = 1 and odd if Xoo = sgn. 

• The second operator has a pole if s < is an integer, even if 
Xoo = sgn and odd if Xoo = 1- 
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• The third operator has a pole if s < 1 is an integer, even if 
Xoo = 1 and odd if Xoo = sgn. 

Note that if s < —1, the Langlands quotient L(x 00 z/ _s , z/ 1 ; 1) is the 
unique irreducible subrepresentation of Xoc,v s x 1sl 2 (bl)- If> hi addition, 
Xoo = 1 we know that A^(A Sj00 ,Ci) is holomorphic and non-zero on 
L(v~ s , z/ 1 ; 1) because this is the spherical subquotient of the principal 
series. So we firstly resolve the case of Xoo = !• 

We first assume that s = (and Xoo = 1) (so that the third oper- 
ator has a pole). Then, the first two operators are holomorphic. We 
can now repeat the discussion from Lemma 13. 2} where we had a simi- 
lar situation of (fl3l . We again have the decomposition v° X 1sl 2 (R) — 
L(iyU 2 St GL2m ; 1)©L(^; i& x 1). Indeed, cf. Theorem 2.5 (ii) of ([T9]) 
for the essentially square- integrable representation of GL 2 (1R) we de- 
noted by L ,1 / 2 StGL 2 {V) ; , on the other hand, the representation x 1 is 
irreducible (representation of SLi2(M.) (cf. Theorem 2.4. (i) of [H]). For 
the decomposition of x 1sl 2 (R) ( c f- Theorem 10.7., equation (10.72) 
of [IS]). On the other hand, the length of the representation z/^ x z/^ x 1 
is six ([19], Theorem 10.7 ), but the representation Liy^u^ x 1) is 
again a subrepresentation on this principal series, and appears with the 
multiplicity one, so we again can conclude that J\f(A s>00 , c{) is holomor- 
phic on x 1sl 2 (m.) (and non-zero on each summand). 
Now we examine the situation of s = — 1 and Xoo — 1- By [T9], equation 
(9.31) and Lemma 9.5. we see that the representation z/^ 1 x 1sl 2 (r) 
is irreducible. By our previous remark A/"(A Sj00 , c\) is holomorphic and 
non-zero on that representation, moreover, the image in x z/^ 1 x 
1 generates an irreducible subrepresentation z/^ 1 x 1sl 2 (r)(— * 

1SL 2 (M))- 

If s < —1 odd and x<x> = 1, we see in Lemma 9.4 of [19] the represen- 
tation z/^ x lsx 2 (R) is irreducible, and the conclusion is clear. 
If s < — 1 is even and Xoo = 1, we see that the representation z/^ x 
1sl 2 W * s reducible , of length two, (Theorem 11.1 (i) [H]). On the 
other subquotient (besides L(xoo^~ s , v l \ 1)) of x 1sl 2 (r) the first 
intertwining operator has a pole, and the third operator does not vanish 
(on that subquotient). We conclude that A/"(A Sj00 , c\) has a pole on 
that other subquotient (we could also argue as in the analogous non- 
archimedean case; namely it is easy to see that L(x 00 z/~ s , z/ 1 ; 1) cannot 
appear as a subrepresentation of v~ s x z/ _1 x 1). 

We examine the case when s = — 1 and Xoo = sgn. According to 
Theorem 10.4 (ii) of [19], the representation v^sgn x 1sl 2 (r) is ir- 
reducible. The pole occurs for the third intertwining operator and 
it appears on the (induced) quotient of that intertwining operator, 
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namely on the representation 5(1,2) x 1 (here we use the notation of 
[T9"] (cf. Theorem 2.5 and Lemma 8.1). The representation 5(1,2) x 1 
decomposes as a sum of two tempered representations, so A/"(A S)00 , ci) 
is holomorphic on v^sgn x 1sl 2 (m.)- The first and the second operator 
are holomorphic isomorphisms. Since A/"(ci(A s>00 ), ci)jV(A SiQO , Ci) = Id, 
and A7"(ci(A S)0 o), ci) is holomorphic on v^sgn x v~ l x 1 it follows that 
Af{A S)00 , ci) is non-zero on v^sgn x 1 5L2 (R)- 

If s < — 1 is odd integer and Xoo = son, the representation v^sgn x 
Iswr) is of the length two (Theorem 11.1. (i) of [IS])- The first and the 
third operator have poles, and the second is holomorphic isomorphism. 
The first operator has a pole on the (induced) quotient 8(u~~ ,p— t) xl 
and the third on 5{v~ ,p + t) x 1. Note that the latter representation 
is a subquotient of the former (Theorem 10.3. of [19J). Note that the 
Langlands quotient L{y~ s sgn, v x \ 1) is a subrepresentation of v^sgn x 
1sl 2 (k) an d does not appear in the composition series of these two 
induced representations, so A/"(A S)00 , c\) is holomorphic on it. On the 
other hand, the "other" subquotient of u^sgn x 1sl 2 (R) is L(5(u~ ,p — 
t); 1) and it appears with the multiplicity one in v s sgn x z/ 1 x 1 as can 
be seen from Theorem 11.1. (i), (ii) and (iii) of [19], so that there is a 
pole on the "other" subquotient of u^sgn x 1sl 2 {m.) (of order one). 
If s < — 1 is even integer and Xoo = sgn, the representation v^sgn x 
1sl 2 (k) i s heducible by Lema 9.4 of [19]. The first and the third op- 
erator are holomorphic isomorphisms, and the second has a pole on 
the quotient u^ 1 x (X(— s,+) (& X(— s, — )), (e.g., cf. Lemma 7.2 of 
[19]). The same lemma guarantees that v~ x x X(—s,e), e — ±, are 
irreducible (and are not isomorphic with v^sgn x I^l^r)), so the inter- 
twining operator jV(A S)00 , cl) is holomorphic on v^sgn x 1sx 2 (ir), and 
similarly as above, we conclude that it is also non-zero there. 

□ 

Now we study the intertwining operators for the other relevant ele- 
ment of the Weyl group-which is similar, but easier that the previous 
case of c\. 

Proposition 3.4. Let p < oo. The intertwining operator jV(A SiP , s), 
where s 6 K, is holomorphic on v s v \ v x lsi 2 (Q P )> un ^ ess s — ~ 2 and 
X P = 1; £/ien it has a pole of the first order. If p = oo then we have 
poles precisely if s < — 1 is even and Xoo = 1 and if s < — 1 is odd and 
Xoo = son. 

Proof. Already proved in Lemma 13.21 and Lemma 13.31 □ 

Proposition 3.5. Letp < oo. The intertwining operator jV(A S)P , sc\) = 
jV(A S)P , cjs), where sR, holomorphic on XpV s x 15l 2 (q p ) unless Xp = 1 



12 



MARCELA HANZER AND GORAN MUIC 



and s = 2. If p — oo then we have poles precisely if s < 1 is even and 
Xoo = 1 and if s < 1 is odd and Xoo = sgn. 

Proof. Already proved in Lemma 13.21 and Lemma 13.31 □ 

Now we can explicitly describe the image of the constant term of the 
degenerate Eisenstein series. 

Theorem 3.6. Assume s > 0. Then, the poles of the Eisenstein series 
can come only from the poles of the normalizing factors, and then only 
if x = 1 and s G {0, 1, 2} (by well -known general results we know that 
there are no poles for s = 0). 

(1) If x — 1 an d s = the global Eisenstein series is holomor- 
phic (for any choice of f = ®f p G Ind GLl (A)x5L 2 (A)(x^ ® 
I)). For p < oo we have z/J x 1 S l 2 (q p ) = L(v l p ,v° p x 1) © 
L(z/ 1 / 2 S , tGL 2 (Q P )! !)■ We choose a finite set of places S' and we 
choose f p G L(v 1 / 2 StGL 2 (Q P )i 1)> f or V £ S', and for some big- 
ger finite set of places S D S' we choose f p G Liy^v^ x 1) 
for p G S \ S'. For all the places outside of S we choose f p to 
be the normalized spherical vector. Then, if S' is even, this 
choice gives an automorphic realization of the corresponding 
(irreducible) global representation in the space of automorphic 
forms. 

(2) If x — 1 an d s = 1 the global Eisenstein series is holomor- 
phic, and for every p < oo, the representation vl x 1sl 2 (q p ) is 
irreducible and (TJ|) gives the embedding of the irreducible global 
representation IndGi 1 (A)xs , L 2 (A)(x* /1 ® 1) in the space of auto- 
morphic forms. 

(3) If x — 1 an d s = 2 the global Eisenstein series has a pole 
of the first order, and, after removing the poles, ID) gives the 
automorphic realization of the trivial representation in the space 
of (square-integrable) automorphic forms. 

(4) Assume s = and % 2 = 1 but x 7^ 1 then for all p < oo, 
X P x ^sl 2 (q p ) = Liy^Ti) © L(z/i; T 2 ), where Ti and T 2 are non- 
isomorphic tempered representations (the limits of the disccrete 
series if p = oo) such that x P X 1 = T\ © T 2 in SL 2 (Q P ). Here 
Ti is such that Af(s(A s ^),c 2 ) acts on v~ l x T\ as the identity, 
and on v~ x x T 2 as minus identity (so for the spherical places, 
the spherical vector belongs to L(Up;Ti)). Let S be a finite set 
of places such that for p ^ S, f p is spherical. Let S f C S be 
such that for p G 5" we choose f p G L{y x p \ T 2 ) (and for p G S \ 
S' f p G L{y p ] Ti) ). With these choices, the mapping (H|) gives an 
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automorphic realization of this irreducible global representation 
if \S'\ is even. 

(5) In the rest of the cases (we still assume s > 0) which are not 
cover above, the embedding (TJJ) is holomorphic and gives an au- 
tomorphic realization of the whole representation IndGLi(A)xSL 2 (A){x i/S ® 
I)- 

Proof. Since s 0, in the expression fl6]) all the local intertwining op- 
erators are holomorphic (by Lemma 13. 2\ Lemma I3.3[ Proposition 13.41 
and Proposition 13 .5 j) and the poles can only come from the normalizing 
factors, and then, only if % — 1 (cf. Lemma f3 . 1 D . We now assume that 
V 1- 

First assume s = 0. We note that then s(A s ) = C2<s(A s ). We also 
claim that the intertwining operators A/"(A S)P , o{s) and Af(A StP , s) have 
the same effect on u° x 1sl 2 (q p ) (f° r evr Y p)- Indeed, jV(A SjP , 62s) = 
jV(s(A SjP ), C2)J\f(A SjP , s). Here the operator Af(s(A StP ), £2) is induced 
from the SX 2 (Q p ) operator u p x 1 — )■ v p Xl 1, which is holomorphic 
isomorphism (actually, an identity) on an irreducible representation 
v ® x 1 — y Up x 1 (for all p < 00). 

We also have that ci(A s ) = A s for s = 0. Note that for every p < 00, 
by Lemma [3]2] and Lemma HQl ^° x 1sl 2 (Q p ) = L(u p St GL2 (Q p y, 1) © 
L(^; x 1). and on L(i/ p ; i/° x 1) A/"(A S)P , cl) acts as the identity, and 

1 /2 

on L(z/ p ' St GL2 (Q p y, 1) as minus identity. 
We conclude that (JBJ) for s = becomes 

(14) 

Econstif, s) = f s + r(A s , ci) 1 (® pe sA/'(A s>p , ci)/ P)S ® (® p 0s/ Cl ( s ), p )+ 
(r(A s ,s) _1 + r(A s ,c 2 s)~ 1 ) <g> pe5 A^(A SiP , s)/ P)S (g> {® P tsfs( s ),p)- 

Here we denote by s a real number (in this case equal to 0) and an 
element of the Weyl group. Since we are dealing with the trivial global 
character over Q, all the global e factors are trivial, and we get that 
r(A s , s)- 1 + r(A s , c 2 s) _1 = L(s ^ 2il) (L(-s, 1) + L(s, 1)), so this expres- 
sion is holomorphic and non-zero. We conclude that E const (f,s) is 
holomorphic for s = for any choice of f s = <8>/ g , p belonging to the 
global induced representation IndGLi(A)xSL 2 (A) (x^ 5 ®!); but this is well- 
known from the general results of Langlands. But we can now describe 
the image of Eisenstein series in the space of automorphic forms. 
First we analyze the first row in (1141) . Let S' C S be a finite 

1/2 

set of primes such that for them we choose f p G L{y p StGL. 2 (<Q P )'A) 
and for rest of the places S \ S' we chose f p G L(u p ;u p x 1). For 
p ^ S we choose f p to be the normalized spherical vector. Then, 
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we have lim^ r(A s , c x ) 1 = 1, and Af(A SiP ,c 1 )f PjS = -f PiS , p G 
S', A/"(A SiP , Ci)/ P)S = f PjS , p ^ S'. Thus, the first line of (JHJ) be- 
comes f + (— l)l 5 'l/o- We conclude that this is non-zero if \S'\ is even 
and this means that the global representation (a subrepresentation 
of IndGL 1 (k)y.sL 2 {&)(x i ' s ® 1)) with the local components consisting of 

L{v l J 2 StaL 2 (Q p )] 1) on an even number of places and L(uh v p x 1) on 
the rest of the places, is automorphic. 

Now we analyze the second line. For p G S, the image J\f(A StP , 7}f PtS 
is non-zero if / P)S is not in the kernel of this operator (and the kernel 
is v~ 1 l 2 StGL 2 (Q P ) x 1. Thus, if we pick f p s from L(u p ; v p x 1) for every 
p G S, we'll get a non-zero contribution. This now means that the pro- 
jection of the constant term to part of the sum spanned by the images 
of the intertwining operators with respect to the Weyl group elements 
s and C2S gives an automorphic realization of the global representation 
whose every local component is L(u p ; u p x l)-so we get only global rep- 
resentations which form a subset of the ones we obtained by analyzing 
the first line. 

Now we analyze the case s = 1. Then, note that for each p < 00 the 
representation x 1sl 2 (q p ) is irreducible (as was noted in Lemma 1X21 
and Lemma [3T3T) , and thus spherical. In that case C2s(A s ) = sc2s(A s ) = 
ci(Ag). Moreover, A/"(A S)P , scji) = 7V(c2s(A SjP ), s)Af(A StP , c^s). Note that 
J\f(c2s(A SjP ), s) is for s — 1 identity operator induced from the GL 2 op- 
erator u^ 1 x u" 1 — > v p x x u^ 1 . Then, we just sum r(A s , sc 2 s)~ 1 + 
r(A s , C2s)~ 1 . Again we get that the poles cancel, and we obtain a non- 
zero holomorphic function for s = 1. Thus, the expression 

(r(A s , sc 2 s)~ 1 + r(A s , c 2 s) _1 ) <g> pe5 Af(A SiP , c^s)f PiS ® (® p £s/ C2 s(s),p) 

gives a non-zero contribution to the constant term of Eisenstein series 
and this cannot cancel the identity contribution. This means that we 
have obtained an automorphic realization (through Eisenstein series) 
of the global (irreducible representation) IndGL 1 (A)xSL 2 (A)(v 1 (g> 1). 
For s = 2 we have 

lim(s - 2)E const (f, s) = (lim(s - 2)r(A s , sc 2 s)~ 1 ) <g> pe5 Af(A 8>p , sofs)f p , s 

s— Y2 s— >2 

®{.®p£sfsc 2 s(s),p)- 

We know that J\f(A SjP , scji) is holomorphic (and non-zero) on u p x 
Isl 2 (q p ), for every p < 00. Note that, because of the Langlands classifi- 
cation, L(u p , u p ; 1) is the unique quotient of u p x 1sl 2 {q p )- On the other 
hand J\f(A StP ,sc^s)(u p x lsx 2 (Q p )) C z/~ 2 x z/7 1 x 1 and this represen- 
tation has a unique irreducible subrepresentation; namely L(u p , v p ; 1). 
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This ensures that Af(A StP ,scfs)(i/% x Isl 2 (q p )) = H^p^l'A), for ev- 
ery p < oo. Note that L(i>p, vh 1) is actually a trivial representation, 
thus this (normalized) Eisenstein series gives a realization of the triv- 
ial representation as the irreducible subrepresentation in the space of 
square-integrable automorphic forms (since the constant term along 
the minimal parabolic has exponent (—2, —1). 

If x 7^ 1) or X = 1 but s ^ {0, 1, 2} we have the following situation. 
Let w e W, w(2e 2 ) > 0. Then w(A s ) ^ A s , unless \ 2 = 1 and s = 0; 
then sc2s(A s ) = A s . So if \ 2 ^ 1 or s ^ 0, (and we are not in the 
situations already covered) nothing will cancel the identity contribu- 
tion; this gives the automorphic realization of the whole representation 
Ind GLl (A) x sl 2 (A) (xv s ® 1 ) • 

Now assume s = and x 2 — 1 but x ^ 1. Then, for every p < oo 
such that Xp 7^ 1) the representation Xv * 1 (°f SL 2 (Q P )) is reducible, 
and sum of two irreducible tempered representations, say T\ and T 2 
(the limits of the discrete series if p = oo). Note that A s = sc 2 s(A s ) 
and s(A s ) = C2s(A s ). Assume that on 7\ the normalized intertwining 
operator x P x 1 — ?• % p x 1 acts as the identity and on T 2 as -identity. 
We also have that x P * ^Sl 2 {q p ) = L(u^; T x ) © L{v^\ T 2 ) for all p ([21], 
Proposition 5.4 and [19] Lema 9.6). We conclude that J\f(A StP , s) acts on 
Xp * l5L 2 (Q P ) as an holomorphic isomorphism, and then J\f(s(A StP ), c%) 
acts on z/ -1 x T\ as identity, and on v~ x x T 2 as minus identity. Now 
again A/"(c 2 s(A sp ), s) is a holomorphic isomorphism. Let S be a finite 
set of places such that for p ^ S, f p is the normalized spherical vector. 
For a subset S' C S such that for every p G 5" x P / 1, we choose f p 
to belong to ^2) ( an d / p belongs to Ti) for p E S \ S'). We 
then have 



(15) £ CO ns*(/, s) = / s + r(A s , sc 2 s)- 1 (-lf\f s + 

(r(A s ,s)- 1 + (-l)l s, 'r(A fl ,c 2 s)- 1 ) ® pe5 Af(A S;P , s)f p , 3 ® (<g>^s/ s ( s) , P ). 

We use the functional equation ([20], p. 279,) L(l— s, x _1 ) = e(s, x)L(s, x)- 
Now, according to that the expression for r(A s , sc^s)" 1 becomes 

L(-s + 2,xM-s + 2, X ) 



r(A s , sc 2 s) 



L(s + 2, x )e(s + 2, x )e(s, x)e(s + 1, x) ' 



Since L(s, x) is holomorphic for s G C we have lim^o ^(l+^'^l^+tx^ = 
1 so that lim s ^o r (A s , sc 2 s)~ 1 = £ (o ^hn x ) • Further, we have L(—s, x) = 
s(l + s, x)L{\ + s,x)- If we multiply these two functional equations and 
let s = 0, we get e(s, x)e(s+l, x) = 1 (since L(0, x)Ir(l, x) 7^ 0). Then, 
the factor in the first line of f JT5|) becomes 1 + (— l)' s '. We conclude 
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that if 1 5" I is odd that the first line of ( 1T5|) vanishes. The numerical fac- 
tor in the second line of f TTol) becomes , , , „ w } n w , , — AL(— s, v) + 

(— l)' 5 x))- We conclude that for \S'\ odd the second line also van- 
ishes. So,we can get a non-zero contribution only if \S'\ is even. □ 

Theorem 3.7. Assume s < 0. 

(1) If — 1 < s < t/ie Eisenstein series is holomorphic and |J|) gzi>es 

an embedding of the irreducible representation IndGL 1 (k)xSL 2 {k){x h ' s ® 
1) m i/ie space o/ automorphic forms. 

(2) // s = —1 and x ^ 1 the result is analogous to the previous 
case. 

(3) If s = — 1 and x = 1 the Eisenstein series is identically zero on 

Ind GLl{A ) xS L 2 {A)(^~ 1 <8> 1). 

(4) // —2 < s < — 1 a// tae (inverses) of the (non-trivial) nor- 
malizing factors can have a pole (of the same order) comming 
from the zero of the L -function in the denominator. After 
the normalization, we have an embedding of the representation 
IndcL 1 {A)xSL 2 (A)(x h ' s ® 1) i n the space of automorphic forms. 

(5) If s = — 2 and X = 1 then, if we pick f p G L{y 2 ,v x \ 1) (the 
trivial representation) for all p, then E const (f, —2) = /_ 2 so (0|) 
gives an embedding of the trivial representation in the space 
of (square-integrable) automorphic forms. If we pick at ex- 
actly one finite place f p G L(up ' StGL 2 (<Q p )i 1) (and on the rest 
of the places the trivial representation), the Eisenstein series 
are holomorphic on this global representation and the image 
is, on that one place, an irreducible subrepresentation isomor- 
phic to L(up^ 2 StGL 2 (Q P )'i 1)) on the rest of the places the image 
spans a representation of the length two (in semisimplification 

L(u 2 , u 1 ; 1) + L{v^ 2 St GL2 (^ p y, 1)). Analogously, if we pick at the 

finite number of place, say \S\, a vector from L{u^ 2 StcL 2 (Q v )] 1), 
the Eisenstein series have a pole of order \S\ — 1 (so we can get 
a pole of any finite order), and after normalization, the local 
images are irreducible for the ramified choice of subquotient, 
and of the length equal to two for the choice of the unramified 
subquotient. 

(6) If s = —2 and \ ^ 1 we have the following. For each p 
such that Xp — 1 the local intertwining operators have a pole 

if f p G L(iSp^ 2 StcL 2 (Q p ) j 1), and if Xp ^ there are no poles for 
the intertwining operators (all isomorphisms) and the image is 
isomorphic to the representation Xp v p 2 * ^-sl 2 (Q p )- The discus- 
sion about the image is analogous to the previous case when 
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X P = 1, owd we can obtain a pole of order \S\ if, for every p G S 
X P = 1 and f p G L(up /2 St GL2{ Q p) ; 1). 
(7) Assume s < —2. Then unless s is even integer and Xoo = 1 or 
s is odd integer and Xoo — sgn, the Eisenstein series is always 
holomorphic and (TJ|) gives an embedding of Ind GLl ^ xS L 2 {A){x i ' s ® 
1) in the space of automorphic forms. If s is even integer and 
Xoo = 1 or s is odd integer and Xoo = sgn, and (in both of these 
cases) we pick G L^u^ 1 ,— s — 1) (notation [19] Theo- 
rem ll.l(i)), the Eisenstein series have a pole on <S)f p of the 
first order. After the normalization, the image on the non- 
archimedean place spans an irreducible representation, and on 
the archimedean place it spans a representation XooV~ s x 1sl 2 (k)- 

Proof. Assume — 1 < s < 0. The claim is then obvious. 

In the case s = — 1 if x ^ 1 the Eisenstein series is holomorphic, 
the other contributions in the constant term cannot cancel the identity 
contribution, the global representation is again irreducible (Lemma 9.5. 
or Theorem 10.4 of [19]), so again ([2]) gives an embedding in the space 
of automorphic forms. 

On the other hand, if s = — 1 and x — 1> the global representation 
is again irreducible, and intertwining operators holomorphic) but the 
normalizing factors r(A s ,Ci) _1 and r(A s ,C2s) _1 vanish. On the other 
hand, lim s ^_ir(A s , s) _1 = — t^ytj = — 1 and J\f(A s>p , S)/ PjS is the iden- 
tity. In this way, ([6]) comes down to 

E C onst(f, —1) = 0. 

Now assume —2 < s < — 1. Then, the normalized intertwining opera- 
tors are all holomorphic and the representation IndGL 1 (A)xSL 2 (A)(x h ' s ® 
1) is irreducible (obvious, e.g., Theorem 12.1. (ii) [19J). The (inverses 
of ) normalizing factors might have a pole (and the order of the possible 
pole is equal to the order of the zero of L(s + 2, x), an d this happens 
for all the (non-trivial) normalizing factors. Note that, for example 
sc2s(A s ) 7^ s(A s ), so after the possible removing of the pole, the con- 
tributions according to the different element of the Weyl group do not 
cancel, so by (JH]) we have an embedding of this global representation 
into the space of automorphic forms. 

Assume s = —2 and x — 1- Then all the nontrivial normalizing 
factors vanish because of the poles in the denominator. On the other 
hand, if we pick f p G L(v 2 , u 1 ; 1) for all w appearing in the expression 
for the constant term, Af(A s>p , w)f p is holomorphic and non-zero, and if 
we pick f p G L(v 3 / 2 St GL2 (Q p y, 1) we have a pole for each such w, analo- 
gously for the archimedean places (Lemma l3.2[ Lemma [3^3| Proposition 
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13.44 Proposition 13. 5j) . We conclude that by picking f p G L(v 2 , v 1 ; 1, ) 
for each p < oo, the contributions in the constant term of Eisen- 
stein series (from all the non-trivial elements of the Weyl group ap- 
pearing there) will be zero, so that we would have E const (f, —2) = 
/_2- This would imply that the global representation consisting of 
L(i>p, Up-, 1, ) for every p < oo appears in the space of automorphic 
forms through ([2]), moreover the appearance in A (Sp^Q^Sp^A)) is in 
the space of square-integrable automorphic forms (this is well-known); 
L(i/p, z/; 1) is the trivial character). On the other hand, assume we 

pick f p G L(z/ 3 / 2 SYgl 2 (q p ); 1) at exactly one (say, finite) place from S. 
Then, the contribution r(A s , w)' 1 <g> ®p e s./V(As,p, w)f P , s ® (® P <jtsfw(s), P ) 
is holomorphic (for each w / 1). To study the image, we examine 
what is happening on each place. On that specific place, f p spans 
the representation L(z/ 3 / 2 StGL 2 (Q p )', 1) which is s subrepresentation in 

Ind S ^ A ^ p \w{v p 2 <g> Vp 1 ))- On the other places (in S and outside of S)) 
it is enough to see what kind of space the spherical vector generates. It 
generates a subspace of length two in Ind S ^ A ^ p \w{v~ 2 £g> z/" 1 )) where 
w G {s, c 2 s, sc 2 s} : it cannot be an irreducible subrepresentation in 
any of those induced representations (a simple Jacquet module argu- 
ment); on the other hand it generates a subrepresentation of length two 
in Ind S ^ A ^ p \sc2s{v~ 2 £g> Vp 1 )), and the other representations are iso- 
morphic to it. The generated representation is (in semisimplification) 
L(v 2 uh 1) + L(z/ 3//2 St GL2 (Q p y, 1). Analogously, by choosing a arbitrary 

but finite set of places p where we can pick f p G L(u 3 ' 2 StGL 2 (ty P )\ 1) 
we can make the pole for s = —2 of E const (s, f) of the arbitrary high 
order. After removing the poles the local images are irreducible on the 
ramified choices and of length two on the unramified choices. Thus, 
the image of (J2J) spans (higly) reducible representation. Similarly, if 
s = —2 but x 7^ I; a U the normalizing factors are holomorphic and 
non- vanishing, and we have a pole for each place p for which x P = 1, 
so the discussion about local images is similar to the discussion for 
X = 1-case, modulo the number of places where we have = 1. If 
X P 7^ 1, the representation Xp^p 2 * ^sl 2 {q p ) is irreducible, (e.g., Lemma 
9.4. of [12], equally easy for the non-archimedean case) and all the 
intertwining operators are holomorphic isomorphisms. 

If s < —2 all the normalizing factors are holomorphic and non-zero, 
and all the representatins on the finite places are irreducible, and the 
intertwining operators acting on those representations are holomorphic 
isomorphisms. Then, the images generated locally are also irreducible. 
We can only get poles of the intertwining operators at the archimedean 
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place, when s is odd and Xoo = sgn or when s is even and Xoo = 
1 for all of them (attached to s, c 2 s, sc 2 s) as follows from Lemma 
13.31 In all other situation the Eisenstein series are holomorphic and 
(|2]) gives the embedding in the space of automorphic forms. In these 
exceptional cases, we get a pole of the first order if we pick G 
L(Su^2— , —s — 1; 1) in both of these cases (Theorem 11.1. (i) of [19)). 
By normalizing the Eisenstein series to eliminate this pole, we again get 
no cancelations between contributions attached to the different Weyl 
group elements. In the situation when we pick G L{bv~^~ , —s — 
1; 1) (and normalize the Eisenstien series), the image will generate an 
irreducible representation in Ind S ^ A<yM ^w{v s <g> for w G {s,C2s}, 

but reducible for w = sc 2 s; indeed, for w = sc 2 s foo generates the 
whole representation Xoo^ s x 1sx 2 (r) ^ ^ocf x v ~ l ^ ^ 

4. The Siegel case 
We now study the degenerate Eisenstein series of the representation 

Thus A s = xv s ~ 1/2 ® xz/ s+1/2 , where s G R. 

The terms in ([6]) which appear in the Siegel case are the following: 

(16) W = {w G W : u>(ei - e 2 ) > 0} = {zd, c 2 , sc 2 , c 2 sc 2 }. 

The corresponding normalizing factors are 



r(A s ,c 2 ) 



_i _ L (s + l,x) 

3 ,,Wo _i_ 3 



r(A s ,sc 2 ) 



L(s + §, X )£(2s, X 2 



L(s + §, X )e(a + f , x)£(2s + 1, X 2 H2s + 1, X 2 ) 
L{2s,x 2 )L{s-\,x) 



r(A " ° 2SC2y £(s + §, X)£(2s + 1, X 2) £ ( s + |, x ) e ( 5 + I ; x)e{2s + 1, X 2) ■ 

We discuss the poles of the (inverses) of the normalizing factors 
above, which appear only in the following situations. 

Proposition 4.1. (1) Assume s > 0. 

(a) r(A s , c 2 ) _1 aas a po/e 0/ tae /irsi order for s — ~ if x — !■ 

(b) r(A s ,sc 2 ) _1 /ias a po/e /or s = \ of the second order if 
X = 1 arid of the first order if x 2 = 1, X 7^ 1- 

(c) for r(A s , c 2 sc 2 ) _1 t/ie same discussion as for r(A s , sc 2 ) _1 . 
(2) ylss^me s < 0. 

(a) r(A s , c 2 )~ 1 ma?/ /iai>e a po/e /or some — | < s < — |, where 
the denominator has a zero. 
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(b) r(A s , sc2)~ l may have a pole for some — | < s < — |, or 
some — | < s < where the denominator has a zero. 

(c) for r(A s ,C2SC2)~ 1 the same discussion as for r(A s , sc 2 ) _1 ■ 

Now we discuss the local normalized intertwining operators corre- 
sponding to the elements of W (|T6|) . The following lemma follows 
straightforward from the GL 2 and SL2 cases. 

Lemma 4.2. (1) Assume p < 00. Then, the operator J\f(A s>p , 02) is 
holomorpic unless s = — | and Xp — 1- Assume p = 00. Then, 
the operator A/"(A S)00 , c 2 ) is holomorpic unless s + | is a negative 
odd integer and Xoo = 1 and s + | is a negative even integer 
and Xoo = sgn. 

(2) In addition to the poles from the case ofJ\f(A SjP , 02), the operator 
Af(A SiP , SC2) may have additional poles as follows: ifp < 00 then 
the pole might appear ify^ — 1 and s = —\. Ifp = 00, then the 
pole appears if 2s is a negative odd integer, and Xoo = sgn 1 , I e 

{0,1}- _ ' 

(3) In addition to the poles from the case of Af(A SjP , SC2), the op- 
erator J\f(A StP , 02SC2) may have additional poles as follows: if 
p < 00 and s = — I and x P = 1- Assume p = 00. Then we may 
have a pole if s — ^ a negative odd integer and Xoo — 1 and s — ~ 
is a negative even integer and Xoo — sgn. 

Theorem 4.3. Assume s > 0. Then all the local intertwining operators 
correspoding to w G W are holomorphic. 

(1) If s ^ ~, or x 2 7^ 1, then the Eisenstein series are holomorphic 
for every choice of f = ®f p , and (TJP gives and holomorphic 

embedding of Ind £ ^^\xv s lGL 2 {A)) in the space of automorphic 
forms. 

(2) If s = I and x = 1, E const (s, f) has a pole of the first order, 
and then the image of (TJ|) is the unique spherical subquotient of 

Ind %fk) (X^GL 2 {&))- 

(3) If s — 2 and x 7^ 1, then for all p < 00 such that Xp 7^ 1; 1st 
XpVp x 1 = T\ © T 2 (of course, then T\ and T 2 depend on p). 
Then, in the appropriate Grothendieck group we have 

Vp 2 XpT-GL 2 (Q P ) x 1 = HXp" 1 ; Ti) + Lixpis 1 ; T 2 ) + L(x p isl /2 St GL2{ Q p y, 1). 

Here T 2 is the representation on which S , L 2 (Q P ) operator on 
XpV p x 1 attains value minus identity. Now, we pick f p from the 
subquotient L(x p z/ 1 ;T 2 ) on the set of places S'. If \S'\ is even, 
then E const (^, •) has a pole of the first order, and (TJ|) gives, 
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in the space of automorphic forms, a realization of the global 
representation with L(x p z/ 1 ;T 2 ) on the even number of places, 
and L(x p i/ 1 ;T 1 ) on the rest of the places. If \S'\ is odd, then 
Econst{\, •) is holomorphic and gives an embedding of the 

whole global representation Ind^f^\x u GL 2 (A)) ^ n s P ace °f 
automorphic forms. 

Proof. The claims for s 7^ \ or x 2 7^ 1 are obvious. Now assume that 

X 2 = 1 and s = |. Since for every p < 00 x 2 — 1> we have that 

Af(A StP , sc 2 ) and J\f(A SjP , c 2 sc 2 ) have the same codomain. Assume now 

1/2 

p < 00. If Xp — 1 then iy 1gl 2 (q p ) X 1 has the unique irreducible 
quotient, namely z/° x 1) (which is spherical) (cf. [2TJ Propo- 

sition 5.4. (ii)) and a tempered subrepresentation, say T 2 . Then, the 

1/2 

spherical vector generates the whole representation v p 1gl 2 (<q p ) * 1> 
and since A/"(A SiP , sc^) and jV(A S)P , c^sc^) agree on the spherical vector 
(and are holomorphic and non-zero on that vector), they agree on the 

1 /2 

whole representation v p 1gl 2 (Q p ) x 1- The image of this spherical vec- 
tor by J\f(A StP , sc 2 ) (or by J\f(A SiP , c&sc 2 )) generates in v~ x x z/^x an 

irreducible subspace (thus isomorphic to L{vl; i/J » 1). If Xp 1> then 

1/2 

zy X p 1gl 2 (Q p ) x 1 is of length 3, and in the appropriate Grothendieck 
group we have 

^p 2 Xp^gl 2 (q p ) x 1 = HXp" 1 ; Ti) + Lixpis 1 ] T 2 ) + L(x P iyl /2 St GL2{ Q p) ; 1). 

Here Xp^p x 1 = 71 © T 2 and L^Xp^ 2 St G L 2 {Q P ) \ 1) is an irreducible 
subrepresentation of X p 1gl 2 (q p ) x 1> moreover, we have an epimor- 
phism vI /2 Xp^gl 2 {q v ) x 1 ->■ ^(xpi/ 1 ;^) ©L(x P ^ 1 ;T 2 ) (with the kernel 
L{x P Vp 2 St G L 2 (Q p y, !))■ Since J\f(A StP , sc 2 ) maps ^ /2 X p 1gl 2 (q p ) x 1 to the 
represenation Xp^p -1 x ^pXp x 1, which has two unique subrepresenta- 
tions L(xpZ^; 71) and L(xp^ x ; T 2 ), we see that L(x p Vp St GL2 (Q p y, 1) is in 

the kernel of the operator A/"(A S)P , sc 2 ) (restricted on i/ p ' Xp^gl 2 (q p ) x 1) 
and it is easy to see that 

Af{A S;P , s^ 2 ){ul /2 Xpl GLmp) x 1) = 7\) © T 2 ). 

On the other hand 

Af(A S)P , C2~sc 2 ) = Af(sc 2 (A S)P ), c 2 )Af(A S)P , sc 2 ), 

and Xpfp^XpfpXl = Xp^p 1 xT^XpZ^ 1 xT 2 , and Af(sc 2 (A S)P ), c 2 ) acts 
on one of these two summands as identity and on the other as minus 
identity, say on the first one as identity. Assume now p = 00. If Xoo = 1 
then again as in the non-archimedean case, the operators J\f(A SiP , sc 2 ) 
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^ 1 /2 

and J\f(A S;P , C2SC2) have the same action on vj> Xoo^gl 2 (R) * 1 (which is 
again generated by the spherical vector), and the image is isomorphic 
to L^le] x 1). If Xoo = sgn we have the same situation as in the 
non-archimdedan case; cf. Theorem 11.2 of [T9] . 

Now assume that \ = 1. Then E const (l/2, ■) has a pole of the first 
order (due to the poles of the global normalizing factors) and (normal- 
ized) becomes 

(17) 

lim(s - -)(r(A s ,sc 2 ) _1 + r(A s , c 2 sc 2 ) _1 ) ® peS Af(A SiP , sc 2 )f PtS <g> ® J ,gs/p I « a ( a )+ 




Note that for jV(A S)P , c 2 ), the image is again generated by the spherical 
vector, thus for J\f(A SiP , c^), all other subquotients of i^p Xp^gl 2 (Q p ) * 
1, p < 00 are in the kernel. Because % — 1> a ^ the £ factors are trivial, 
and lim a _,.i(s — |)(r(A S) sc 2 ) _1 + r(A s , c 2 sc 2 ) _1 ) becomes lim s _^i(s — 

|) zjl~Lp hm f ^ (L(— t, 1)+L(t, 1)). In the equation f TTTj) the contribution 
is zero if we pick a vector f p which does not belong to the spherical 
quotient. 

Assume x ^ 1, but x 2 = 1. Assume that we have picked S' C S 
such that for every p 6 S" x p ^ 1 and f p belongs to the subquotient 

L(x P v U ,T 2 ). We denote A(s) = L(g+ix)£(s+ 3^ (2 x 2 l!x2)£(25+1 ^ 2) . Then 

r(A s , SC2 )" 1 = A{s)L{s+l x) and r(A s , c^c,)" 1 = A( 8 )^=^. Then, 
it is easy to see that the contributions to E const comming from sc 2 and 
c 2 sc 2 together give: 

A(s)(L(\-s,x) + L(s-l, X )(-ir\) ^ 

7—— I \ ®p&S-N (A s , p , SC2)J p ,s®®ptSJp,8C2 

If |S"| is odd, since A(s) has a pole for s = |, the expression 

^)(^-^)H( s -^)H) |s1 ) 

is then holomorphic and non-zero, and if |5"| is even it has a pole. Note 
that for Xp 7^ 1 ; the operator A/"(A s p , c^) is a holomorphic isomorphism 

on z/p /2 x p l G L 2 (Q P ) x 1. 

We conclude: if \S'\ is even, then E const (^, •) has a pole of the first 
order, and (J2]) gives, in the space of automorphic forms, a realization 
of the global representation with L(x p j/ 1 ;T 2 ) on the even number of 
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places, and L(xpV x ]Ti) on the rest of the places. Note that if |5"| 
is odd, then E const {\, ■) is holomorphic and d2J) gives an embedding 

of the whole global representation Ind S p 2 A ^' '(x^gwa)) m the s P ace °f 
automorphic forms. □ 

Theorem 4.4. Assume now that s < 0. T/ien we nave £/ie following: 

(1) Assume — | < s < 0. JTien either the Eisenstein series are 
holomorphic or they have a possible pole of the first order due 
to the pole of r(A s , SC2)~ 1 and r(A s , C2SC2) _1 coming from the 
zero of L(2s + l,x 2 ) for given s; in both cases the intertwining 
operators are holomorphic isomorphisms so that (TJ|) gives an 
embedding of the whole global representation Indp^tj^ (x^gl 2 (a)) 
in the space of automorphic forms. 

(2) Assume s = —\. Then, If Xp 1 then all the local intertwin- 
ing operators are holomorphic isomorphisms (for all p < oo) 

and the image is isomorphic to Xv v v lGX a (Q P ) * 1- If Xp — 1 
but Xp 7^ 1 oil the intertwinig operators are homomorphisms. 
Ij ' Xp = 1 the local intertwining operator jV(A SiP , C2SC2) where 
p < 00 can /iaue a pofe /or /or every p with the choice of f p from 
the non-spherical subqotient. This gives us a pole of the Eisen- 
stein series (for x which allows this possibility, e.g., x — 1) 
of every possible order. In this case, the image (by (U|) after 
the normalization) consists of the irreducible tempered repre- 
sentations (on these "problematic" places where Xp — 1 ond a 
non-spherical (tempered) choice of a subquotient and of the rep- 
resentation generated by the spherical subquotient on the rest of 
the places ( and the spherical subquotient generates the represen- 



1 /2 

tation Up 1 1 G l 2 (q p ) x V- 
(3) Assume — | < s < — ~. Then either the Eisenstein s 



eries are 



holomorphic or they have a possible pole of the first order due to 
the pole of r(A s , c^)" 1 , r(A s ,sc2)~ 1 and r(A s , C2SC2)~ 1 coming 
from the zero of L(2s + for given s; in both cases the in- 
tertwining operators are holomorphic isomorphisms so that (TJ|) 
gives an embedding of the whole global representation Indp^ 4 ^ \x v gl 2 { 
in the space of automorphic forms. 
(4) Assume s = — |. Then, If Xp 7^ 1 then all the local intertwin- 
ing operators are holomorphic isomorphisms (for all p < 00) 

and the image is isomorphic to Xp l, p 3 ^ 2 ^GL 2 (Qp) * 1- Assume 
p < 00. If Xp — 1 oil the nontrivial local intertwining opera- 
tors have a pole for for every p with the choice of f p from the 
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non- spherical subqotient. On the spherical subrepresentation of 
Xp h, p 3 ^ 2 ^GL 2 (Q P ) * 1 (^n this case just the trivial representation) 
all these operators are holomorphic, and the image generated 
in that way is isomorphic to the representation ^ 2 1gl 2 (q ) * 1 
(thus reducible). For the choice of f p which does not belong 
to the spherical subrepresentation, all these operators have a 
pole, and, after removing the pole by normalization, the im- 
age spans an irreducible subrepresentation L{iP\ StsL 2 (Q P ))- If 
X P 7^ 1 all the local intertwining operators are isomorphisms. 
At the archimedean place, all the choices of f p different from 
LiyLivL'A) if X™ = 1 or L(sgm>% ,sgni>l ;l) if Xoo = sgn 
give us poles of the intertwining operatprs. This gives us a pole 
of the Eisenstein series (forx which allows this possibility, e.g., 
X — 1 ) of every possible order. 
(5) Assume s < — |. Then, if x\o 7^ 1 crs±| is not an integer, the 
Eisenstein series is holomorphic and (0|) gives an embedding of 
the whole global representation Ind S p p *^' ) (x h, GL 2 (A)) i n ^ e s P ace 
of automorphic forms. Assume that x^, = 1 and s ± ~ is an in- 
teger. Then, the Eisenstein series is holomorphic on <8>/ p , if foe 

belongs to the Langlands quotient -L(x 00 z/ 00 ( ' s 2 , Xoo^oo S+2 ' ) ; 1) 
(which is a subrepresentation of XoqV s 1gl 2 (wl) X 1/ In this case, 
(TJ|) gives an embedding of an irreducible global representation 

— (s— -) — (s+-) 

oo^oo 2 , Xoo^oo 2 1) in the space 
of automorphic forms. If foo is not chosen in that way, the 
Eisenstein series have a pole of the first order coming from the 
pole of the archimedean intertwining operators (in the constant 
term). After the normalization, the image of (TJ|) in that case is 
a realization of a representation which has, on the archimedean 
place, the unique maximal proper subrepresentation ofu^ s laL 2 (M)'^ 
1. 



Proof. The case of — | < s < is obvious. Assume s = — \. Then, 
all the inverses of the global normalizing factors are holomorphic. For 
p < oo, all the intertwining operators are holomorphic if x% !• Now 
assume p < oo. Assume that x p = 1. From the discussion in Theorem 
14.31 we know that we have 



L{y\- vl x 1) v- 1/2 l GL2(Qp) x 1 T 2 , 
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where T 2 is a tempered representation, and L(i/ p ;z/p x 1) the spher- 
ical subquotient. The operator A/"(A SiP , £2) is a holomorphic isomor- 
phism on ^ _1 ^ 2 1g , l 2 (Q p ) * 1 (actually, an identity operator). The oper- 
ator A/"(A S)P , s) acting on ^~ 1//2 1gl 2 (q p ) x 1 (i.e.,jV(A S)P , SC2) acting on 
z/ _1 / 2 1gl 2 (q p ) x 1 because of the previous remark) has a pole on the quo- 
tient v~ 1 / 2 StGL 2 (Q p ) x 1) but is holomorphic on v~ 1 ' 2 1gl2(Q p ) * 1- The 
operator A/"(A S)P , 62) acting on z/° x z/ -1 x 1 has a pole on i/° x SX 2 (Q P ) = 
T"i <S> T2, where T% is the other tempered representation. We conclude 
that if we pick f p from L(^ p ; u p x 1) then all the operators will be holo- 
morphic f p (belongs to the spherical subquotient, generated by the 
spherical vector), but if we pick f p which belongs to the quotient T 2 , 
the operator A^(A SjP , C2SO2) has a pole on that f p . Assume now that 
X p = 1, but Xp 7^ 1- Then, we know by Theorem 14.31 that the length of 
the representation Xv v 2 1gl 2 (Qp) x 1 is three, and that it has two sub- 
representations. Now, the operator J\f(A SiP , c 2 ) acts on Xv v %> X xTi as the 
identity, and on Xp v p X x ^2 as minus identity. The operator A/"(A S)P , s) 
acting on Xp^p -1 x Xp^p x 1 nas a P°l e 011 Xp^ 1 ^ 2 StGL 2 (Q p ) x 1 3 thus it 
does not have a pole on Xp u ~ 1 ^ 2 ^GL 2 (Qp) x 1- The operator J\f(A SjP ,c 2 ) 
acts on Xp^p x Xp^ 1 x 1 as a holomorphic isomorphism. We conclude 
that all the operators are holomorphic on Xp u ~ 1 ^ 2 ^gl 2 (q p ) x 1- Now, 
assume that p = 00. Then, again A^(A SiDO , c 2 ) is holomorphic isomor- 
phism, and A/"(As,oo> SC2) does not have a pole on Xoo^ _1//2 1gl 2 (r) x 1- 
The operator A/"(A S)00 , C2) acting on Xoo^ x X^^oo 1 x 1 can om y have 
a pole if Xi^oo 1 x 1 is reducible, and that is if Xoo = 1. In that case, 
we have 

V x = L(ul; 1)^^x1^ X(l, +) © X(l, -), 

where X(l,±) are discrete series of SL 2 (M.) (cf. [T5] Theorem 2.4). 
The operator J\f(A StP , c 2 ) has a pole on the quotient z/^ x (X(l, +) © 
X(l,—)). This quotient decomposes as a sum of four temepred rep- 
resentations (cf. [19] Theorem 10.7), two of which are quotients of 
^00 1&l 2 (r) x 1- So, we conclude that the operator A/"(A SjOC , C2SC2) is 
holomorphic on the spherical subrepresentation of foo Igwk) x I (this 
also follows from the general properties of the normalized intertwining 
operators), but other choices of f p will gives us a pole. 

Now assume s = — §. Assume p < 00 and Xp = 1 (this is the only case 
when poles might occur). Then, A/"(A S)P , c 2 ) has a pole on the quotient 
Up 2 x StsL 2 (Q p ), which decomposes (in the appropriate Grothendick 
group) as St Sp4 (Q p ) + L(v p ; St S L 2 (Q p ))- On the other hand, we have 

L("p, v\\ 1) ^ ^ 3/2 1gl 2 (q p ) x 1 -> ^(^ P ; St SLaiQp) ). 



2(» 



MARCELA HANZER AND GORAN MUIC 



Note that Af(A SjP , s) acting on v~ 2 x up- x 1 is a holomorphic isomor- 
phism, and so is Af(A s>p , c 2 ) acting on v p x u p 2 x 1. We conclude that the 
images of Af(A s>p , cq), Af(A s>p , sc?) and Af(A s>p , O2SC2) will be mutually 

isomorphic on Vp 3 ^ 2 ^GL 2 (Qp) * 1- We see that on the spherical subrepre- 
sentation (in this case just the trivial representation) all these operators 
are holomorphic, and the image generated in that way is isomorphic to 
the representation ^ 2 1gl 2 (q p ) * 1 (thus reducible). If we pick f p which 
does not belong to the spherical L(u p , v p ; 1), all these operators have a 
pole, and, after removing the pole by normalization, the image spans 
an irreducible subrepresentation L(v p ; StsL 2 (Q p ))- If Xp 1 & U the lo- 
cal intertwining operators are isomorphisms. Now assume p = 00. 
Then, by Lemma I4.2[ we see that the poles may occur if Xoo = 1 or 
Xoo = sgn. We first deal with the case Xoo = 1- Then, already the oper- 
ator _/V(A Sj00 , 82) has a pole on each the subquotients of v^^ 2 \ gl 2 (r) * 1; 
except on it's unique subrepresentation (which is again the trivial rep- 
resentation, as in the non-archimedean case), cf. [32] Theorem 11.1. 
Note that the action of the other intertwining operators cannot can- 
cel this pole. Assume now that Xoo = sgn. Then, Af(A s>oc , £2) acting 

3/9 

on sgnvoo 1gl 2 (k) x 1 is a holomorphic isomorphism. The pole of 
•N"(A StOCn s) acting on sgnv^ x sgnv^ x 1 happens on the subquotients of 
b{sgnv\^ ty , 3) x 1 and sgnv^^laL^) x 1 and this representation do not 
have common irreducible subquotients by [19J, proof of Theorem 10.1 
and (10.64) there. The pole of Af(A s>00 , c 2 ) acting on sgnu^ x sgnv^ x 1 
happens on the subquotients of sgnu^ x X(2, +) © sgnu^ x X(2, —). 
But the representation n sgnu^ 2 lGL 2 (M) x 1 is of length three and two 
of its subquotients (so the ones different from L^sgnv^, sgnv]^; 1)) ap- 
pear in this space where the poles occur. Note that the representation 
sgnv^ x sgnvlc x 1 is multiplicity free. 

From Lemma 14.21 we now that in the case s < — | it is enough 
to see what is happening on the archimedean places (all the local in- 
tertwining operators at the non-archimedean places are holomorphic 
isomorphisms) the following situations: 

(1) Xoo = 1, s + \ is odd integer, 

(2) Xoo = 1, s + \ is even integer, 

(3) Xoo = sgn, s + ~ is an odd integer, 

(4) Xoo = sgn, s + ~ is an even integer. 

Assume the first possibility. Then from Theorem 11.1 of [19] . we see 
that Af(A s>00 , £2) acting on v>^ 1gl 2 (m.) * 1 has a pole of the first or- 
der for every choice f p which does not belong to the Langlands quo- 
tient L(z/ 00 s+1 ^ 2 , i>oc S 1) (the representation sgnv s 00 lGL 2 {K) x 1 is of 
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the length four). The second intertwining operator has a pole on 
^oo x v~^ s+1 ^ 2 ' x 1, but it does not add a pole of the higher order on 
the image of jV(A Si00 , C2)(z^1gl 2 (r) * 1) (and is non-zero on the subquo- 
tients of ^1gl 2 (k) x !)• The intertwining operator jV(A Si00 , £2) acting 

on ^oo^ +1 ^ 2 ' ) x z/^o ^ 2 x 1 is a holomorphic isomorphism by Lemma \4. 21 
In the second possibility, the first intertwining operator J\f(A S)00 , 02) 
acting on ^1gl 2 (k) x 1 is a holomorphic isomorphism. The second 
intertwining operator has a pole on 8{— 1/2, 2s) x 1 (again notation 
from [19J, the proof of Theorem 10.1) which is a representation of the 
length three and does not have a common subquotient with the repre- 
sentation v^ 1gl 2 (m.) * 1 (cf- Theorem 10.6 of [19]). so it's holomorphic 
and non-zero on it. The third intertwining operator 7V(A S)00 , 82) acts 
on u^ s+1 ' 2 ' x z/^T 1 ^ 2 x 1, and pole is obtained on the subquotients of 
^oo (s+1/2) x (X(-(s - |), +) © X(-(s - |), -). All the subquotients of 

— (s— -) — (s+i) 

^1gl 2 (k) x 1, except L( 2 ; 1) are among those on which 

the pole occurs. 

The situation with the rest of the cases is totally symmetric (i.e., 
one uses Theorem 10.1, Theorem 10.6 or Theorem 11.1 of[19]), and 
we conclude that in all of these four cases, at least one of the oper- 
ators A^(A Sj00 , 62), A/"(A SjOC , SC2) and A/ r (A Sj00 , c^sc-z) has a pole of the 
first order on each of the subquotients of sgn £ u^ l GL2 ^ x 1, except 

L{sgn e Voo 2 ,sgn e Uoo 2 ; 1) (here e G {0,1}). If one removes the 
pole, the image spans the unique maximal proper subrepresentation of 
^ s 1gl 2 (r) x 1. □ 
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